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General Instructions
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Working time — 3 hours

Write using blue or black pen

Write your Student Number on every page
All questions may be attempted.

Begin each question on a new page

All necessary working must be shown.
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poorly presented work.

Board-approved calculators may be used.

A list of standard integrals is included at the
end of this paper.

The mark allocated for each question is
listed at the side of the question.
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Quesuon i — (15 marks) — dtart a new page

1
a) Evaluate J- d

0 (x+27)«/7 x+2

2
b Find x“+5x—-4
) Fm I (x=1)(x* +1)

Marks

c) The point P below represents the complex number z.

A#

2 P(F)

(i)  Copy the diagram onto your answer booklet.

(i) By considerihg both modulus and argument, carefully indicate on your diagram

the positions of

: . 1
a. Q representing —
z

b. R representing Vz

c.  Srepresenting z-—1

d) The locus of all points z in the complex plane which satisfy arg( Z—_—3) =—§— forms part

of a circle.

(i)  sketch this locus.

(i) find the centre and radius of the circle.

z+1

¢) Find Vi inthe form a-+ib where a, b are real numbers.
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Yuesiion ¢ — (15 marks) — dStart a new page Marks
a) Find
. ( dx
O 1
J x“+2x+5
(ii) & (using the substitution x =secf) 2
Yxvx? -1
O
b) Evaluate j 2 4@ correctto 3 significant figures. 3
0 5+3cosél F

c) With the aid of appropriate sketches or otherwise, find the set of values of x for which
the limiting sum of the following series exists.

2x-3) (2x-3)? (2x—3 3
1+ + + +... 4
x+1 x+1 x+1

d) A particle started at the origin with velocity of 2m/s. Its velocity at any time
ts(0 <t <10) is shown below. Area 4 is 10 and Area B is 15.

AUM/S (

(i)  Identify two properties of the particle’s motion at:
a. the maximum turning point P. 2

b. the point of inflexion Q. 2

(ii)) Where is the particle at ¢ =10s? 1
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Question 3 — (i5 marks) — dtart a new page Miarks
Q f
~3)
! S
0

The point P in the complex plane above represents the complex number z. The right
angled triangle OPQ is isosceles and the triangle OPR is equilateral.

(i) Find, in terms of z, the complex number represented by the point Q. |

(ii)) Find, in terms of z, the complex number which would represent the vector
oR 2

(iii) If R represents the éomplex number w shO\;V that w®+23=0. 2

b) Consider the rectangular hyperbola R :xy=c>
(i) Prove that the equation of the tangent to R at P(ct, ;) is x+12 y=2ct 2

(ii) The above tangent crosses the x-axis at M and the y-axis at N. If O is the origin,

show that the area of triangle OMN is independent of P. 2
2y
c¢) (i) Show that the equation of the normal to the hyperbola ——z—b—z =1 at the point
a
P(asecB,btanH) is i +——IZ}L—=az+b2 4
secd tand

(i) The line through P parallel to the y-axis meets the asymptote y = bx at O . The
a

tangent at P meets the same asymptote at R. The normal at P meets the x-axis at G.
Prove that ZRQOG is aright angle. | 2
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Question 4 — (15 marks) — dStart a new page viarks

a) The region bounded by the curves y = x2, y= (x - 2)2 and the x-axis is rotated about
the line x = 2. Use the method of cylindrical shells to find the volume of the solid. 5

1
b) Find the exact value of J‘ xe™ dx 2
0

¢) Consider the polynomial equation P(x)= xt—4x* +c

Find those values Qf ¢ for which P(x)=0 has

(i) no real roots.

(ii) 4 different, real roots. 1

x—1

d) Consider the function f(x)=—-
x

(i) Sketch the graph y= f(x), showing clearly the coordinates of any points of
intersection with the axes and the equations of any asymptotes. 2

(ii) Use the graph y = f(x) to sketch on separate axes the graphs.

@ y=lf@) 3
® y=r() | |
m y=[r@F 1

(i) If g(x)= 7(1—5, find g'(x) in terms of f(x) and f'(x), and deduce that the x
x

coordinates of the stationary points of y=g(x) are the x coordinates of the
stationary points of y = f(x) for which f(x) is non-zero. 1
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Question > — (1> marks) — dtart a new page viarks
a) The equation 2x> —3x+5=0 hasroots a, B,y
(i) Find the polynomial equation with roots of
(@) a-1, -1, y-1 2
® B 7 2
(ii)) Evaluate ——1-3— + —1? + —1—3- 2
a’ p oy
b) Ifz, =1-+/3i and z, =~/3 +i
(i) Express z, and z, in modulus-argument form. 1
(ii)) Express (2] in simplest form. 1
2
(iii) Find the least positive integer n for which z,” is real and evaluate z," for this
value of n. 2
¢) (i) Prove the result:
a a '
[* reae= [ Tre+ fen)a 2
—a
(i) Use this result to show that
T
j 4 dr=2 3
/2

1+sinx
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Question 6 — (15 marks) — Start a new page Marks
a) A particle is dropped from rest a height 2 metres above the ground. At time ¢ seconds

b)

its height above the ground, is given by

—kt
c—pe 8,8 &
N
(i) Show that X = g — kv where the velocity of the particle is v m/s. 2
(i) What forces are acting on this particle? Explain carefully. | 1

(iii) If it takes T seconds for the particle to reach half of its terminal velocity, show
kT F
that e™" =2

Consider the curve C defined by 3x? + y2 —2xy—-8x-16=0

(i) Showthat & =3¥=r=4 2
dx xX—-y
(ii) Find the x coordinates of the points on C where the tangent is parallel to y = 2x 2

z
If I, = 02x" sinxdx, n>0

(i) Showthat I, = n(zzer —n(n-1)1,_5 for n>2 3

2
(ii) Hence, evaluate J. 2 x*sinx dx 3
0
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Quesiion / — (15 marks) — Start a new page Marks
a) Find j sec> x dx 3
b) Sketch the region R in the Argand diagram consisting of all points z for which:

d)

Iargzlé%, z+z<4, |7=2 3

Find the values of the real numbers p and g given that

x3+2x2—15x—36s(x+p)2(x+q) 3

(@)

Y

XA/ 7 A\>€\Y I
A S N

B £

Y

ABCD is an isosceles trapezium of height H with AB=DC. The parallel sides 4D
and BC are of lengths a and b respectively. X and Y are points on AB and DC
respectively such that XY is parallel to BC. The perpendicular distance between

XY and BC is h. Show that the length of XY is given by: XV = b — (b ;[“) h 3

The solid shown has a square base
of 20mx20m and a square top of
l6mx16m.

20m

The top and base lie on two parallel planes. The four sides are isosceles trapezia.
The height of the solid is 12m. Find the volume of the solid by taking slices
parallel to the base. , 3
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Question 8 — (1> marks) — dStart a new page Viarks
a) Find cos? x dx 3
b) (i) Find the complex solutions of z] =1 2
and hence factor z’ —1 over the real numbers. 1
. 3z V4 2r 1
(ii) Prove that cos—+cos——cos—=— {y »
7 7 7 2

¢) A particle of mass 3kg moves in a straight line with velocity v m/s under a constant
force of 5 Newtons and experiences a resistance of 2+3v N . The initial velocity of

the particle was v, m/s.

(i) Show that the acceleration, x m/ 52 ,isgivenby X=1-v 1
(i) Showthat v=1—-e~’ +vye™ 3
(iii) Find the terminal velocity. 1

(iv) When the velocity increases from vq to v, show that the distance travelled, xm ,

1—
in this time is x = (vy —v; )+ ln(1 vo) 3
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